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ABSTRACT 

The study of gears lubrication has received a great deal of attention in research work for 

many decades. During gears running, meshing gears' teeth represent a non-conformal 

lubricated contact situation.  Under loading conditions, Hertzian high contact pressure 

within the contact zone between the meshing gears’ teeth is evident. It can develop 

significant surface stresses and affect lubricant viscosity by increasing it. Meanwhile, 

during teeth mesh the contact and lubrication behavior are basically influenced by gears 

kinematics, dynamics, materials properties, and lubricant characteristics. However, a 

comprehensive understanding of the lubrication behavior during gears mesh is still in need 

for further investigations. The present analytical approach simulated gears mesh by 

equivalent rigid discs. A close insight into the mechanism of lubricant film formation has 

shown that both hydrodynamic and squeeze actions contribute to lubricant film 

formation. The contribution of squeeze action is more pronounced than that due to 

hydrodynamic action. The complicated dynamic and contact conditions in gears during 

power transmission dictate the variation of generated film thickness values between 

meshing gears’ teeth.  
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INTRODUCTION 

During gears running, meshing gears' teeth represent a non-conformal lubricated contact 

situation.  Under loading conditions, Hertzian high contact pressure within the contact 

zone between the meshing gears’ teeth is evident. It can develop significant surface stresses 

and affect lubricant viscosity by increasing it. Meanwhile, during teeth mesh the contact 

and lubrication behavior are basically influenced by gears kinematics, dynamics, 

materials properties, and lubricant characteristics. Extensive investigations and research 

work on gears lubrication have been published theoretically and experimentally during 

the past decades. Most of these efforts considered elasto-hydrodynamic regime of 
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lubrication (EHL).  This regime takes into account mating elements elastic distortion, high 

induced Hertzian stresses, lubricant hydrodynamic behavior, and lubricant viscosity 

variation with pressure and temperature [1–3]. 

 

Lubricant film thickness in gear tooth contacts was first predicted based on the elasto-

hydrodynamic lubrication (EHL) theory under smooth surface, steady-state, and 

isothermal assumptions, [1 - 3]. Further investigations of discs lubrication proposed a 

criterion that can justify the use of a quasi-steady solution for analyzing gear lubrication, 

[4 - 8]. Several analytical approaches and experimental measurements have been proposed 

for the estimation of the lubricant film thickness in gears, [9 - 11]. Later, a numerical 

solution of EHL film thickness, friction, and surface temperature for an entire meshing 

cycle in spur gears, considering dynamic and thermal effects has been developed, [12, 13]. 

Analysis of lubricant film formation in EHL contacts of different oil bases and different 

additives has been also investigated, [14]. The performance of squeeze film of non-

Newtonian fluid with additives between long cylinder on flat surface has been studied, 

[15]. 

 

A close insight into the gear teeth contact conditions during power transmission, reveals 

that the generation of the lubricant film between contacting teeth is a function of not only 

gears elastic properties, teeth geometry and accuracy, gears kinematics, mode of dynamic 

load and lubricant behavior, but also basically on the time during which teeth contact 

takes place. In this context, it is expected that lubricant squeeze action would play a 

paramount roll in keeping a lubricant film between teeth. The present work adopts the 

solution of Reynold’s equation for iso-viscous lubricant and rigid cylindrical discs for 

unidirectional load in an endeavor towards estimating the lubricant film thickness 

variation during gears teeth mesh. 

 

KINEMATICS OF MESHING GEARS 

The present investigation describes the lubrication behavior between two spur gears' teeth 

during meshing cycle as being simulated by discs as shown in Fig. A1 in the Appendix. At 

any point on the line of action the respective two radii of curvature of mating involutes 

will be present as two rotating cylinders (discs) running at pure rolling and combined 

rolling and sliding velocities with lubricant film separating them. The proposed 

parameters of the pair of meshed gears upon which the computations in this paper are 

based are summarized in Table 1. 

 

To study kinematics of each point of the contact during meshing cycle, several points 

separated with a specified interval (taken in this work as 1 mm) are selected on the line of 

action between position 𝑵𝟏 (before the pitch point 𝑷𝒑) and position 𝑵𝟐 (after the pitch 

point 𝑷𝒑), as shown in Fig. A1 in the Appendix. Consequently, the variation of the radii of 

the simulated cylinders 𝝆𝟏 and 𝝆𝟐can be computed. The calculated variation of the radii 

of curvature along the line of action are shown in Fig. 1.  
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Table 1. Parameters of the meshed gears 

Parameter Value 

Gear Module, 𝒎 4.5 mm 

Pressure Angle, 𝜶 20o 

Gear face-width, 𝑳 45 mm 

Pinion number of teeth 16 

Pinion pitch circle radius, 𝑹𝟏 36 mm 

Gear number of teeth 24 

Gear pitch circle radius, 𝑹𝟐 54 mm 

Center distance 90 mm 

Gear material Young’s modulus, 𝑬 210 GPa 

Gear material Poisson’s ratio, 𝝂 0.3 

Lubricant oil viscosity, 𝝁 0.075 Pa.s 

 

It can be noticed that the equivalent curvature radius 𝝆𝒆𝒒along the line of contact increases 

first till it reaches a maximum near the pitch point, then it decreases. The variation of the 

rolling and sliding velocities along the line of action is illustrated in Fig. 2. From Fig. 2(a), 

the velocity of the point of contact with respect to gear 1 (pinion) 𝑽𝟏is decreasing along the 

line of contact, while the velocity of the point of contact with respect to the gear 2 𝑽𝟐 is 

increasing. From Fig. 2(b), the tangential velocity of the point of contact with respect to 

the pinion 𝑽𝒕𝟏 is decreasing, while the tangential velocity of the point of contact with 

respect to the gear 𝑽𝒕𝟐 is increasing along the line of action.  The relative tangential velocity 

𝑽𝒕 is decreasing along the line of contact, and it is equal to zero at the pitch point.  It can 

be noticed that the equivalent curvature radius 𝛒𝐞𝐪 along the line of contact increases first 

till it reaches a maximum near the pitch point, then it decreases.  

 

 

Fig. 1 Variation of the radii of the simulated cylinders along the line of contact. 
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Fig. 2 Variation of the point of contact velocities along the line of contact. 

 

LUBRICANT FILM BEHAVIOR DURING GEAR MESHING 

This paper adopts the solution of Reynolds equation for iso-viscous lubricant and rigid 

bodies under unidirectional variable load. This approach is suitable to describe the 

lubricant film behavior between gears teeth during meshing cycle. A full description of the 

geometrical and kinematic features of spur gears are summarized in the Appendix. During 

gear teeth meshing, a very small elastically deformed contact zone is formed between the 

gear teeth. Consequently, the lubricant flow (side leakage) parallel to the gear face width 

(line of contact) is negligibly small and the entire lubricant can be assumed to flow in the 

direction of teeth motion. Thus, the one-dimensional analysis can be applied to 

hydrodynamic lubrication of gears. The analysis of gear lubrication is based on the 

generalized Reynolds equation, where the gear teeth are considered as rigid discs flooded 

with iso-viscous incompressible lubricant with side leakage effects neglected [16], 

 
𝒅

𝒅𝒙
(
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𝝁

𝒅𝒑

𝒅𝒙
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𝒅𝒉

𝒅𝒙
+ 𝟔𝒉

𝒅

𝒅𝒙
(𝑽𝟏 + 𝑽𝟐) + 𝟏𝟐

𝒅𝒉

𝒅𝒕
                            (1) 

 
where  𝒉 is the lubricant film thickness and 𝒑 is the lubricant pressure. 

The solution of the above equation gives the pressure distribution in the contact zone 

which depends on the variation of the lubricant film thickness along the flow direction 
𝒅𝒉

𝒅𝒙
 

and the variation of the lubricant film thickness with time 
𝒅𝒉

𝒅𝒕
. The first and second terms 

on the right-hand side of Eq. (1) are responsible for the hydrodynamic or wedge action 

due to the combined effects of rolling and sliding relative motion, while the third term is 

responsible for the squeeze action along the film thickness direction. By double integration 

and applying boundary condition, the pressure equation due to hydrodynamic action 

(wedge action) can be expressed as [17], 
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𝑷𝒉𝒚𝒅 =
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where 𝒉𝒐 is the minimum film thickness and the parameters 𝝐 and 𝝆𝒆𝒒 are given as,  

 

𝝐 = 𝐭𝐚𝐧−𝟏 (
𝒙

√𝟐𝝆𝒆𝒒𝒉𝒐

) 

 

𝝆𝒆𝒒 =
𝝆𝟏𝝆𝟐

𝝆𝟏 + 𝝆𝟐
 

 

By assuming a film extent of π, the load equation due to wedge action can be represented 

as [18], 

 

  𝑾𝒉𝒚𝒅 =
𝟐.𝟒𝟒𝟖 𝝁 𝝆𝒆𝒒 𝑽𝒓 𝑳

𝒉𝒐
                                                     (3) 

 

The pressure equation due to squeeze action due to normal approach of the two meshing 

teeth can de expressed as [19], 

 

 𝑷𝒔𝒒 =
𝟑 𝝁 𝑽𝒏

𝒉𝒐+𝝆𝒆𝒒
(𝟏 −

𝒉𝒐+𝝆𝒆𝒒

𝒉
)

𝟐

                                                  (4) 

 

By assuming a film extent of π, the load equation due to squeeze action can be represented 

as [19], 

 

 𝑾𝒔𝒒 =
𝟑 𝝅 𝝁 𝝆𝒆𝒒 𝑳 𝑽𝒏

𝒉
√

𝝆𝒆𝒒

𝒉
                                                    (5) 

 

RESULTS AND DISCUSSION 

The present investigation was done on a pair of spur gears with the specifications listed in 

Table 1. In this work, it is intended to study the lubricant film formation between gears 

teeth meshing along the line of action.  To investigate the effect of the position of contact 

(point 𝑴 shown in Fig. A1) along the line of action from start to end of meshing, five 

contact points will be selected for investigation on the line of action. The first point is the 

pitch point in addition to two points before and two after the pitch point with 3 mm 

interval. Thus, the distances of the selected points along the line of action with respect to 

the pitch point will be {−𝟔, −𝟑, 𝟎, 𝟑, 𝟔} mm.  

 

The present work considers the important role of normal approach speed compared with 

peripheral speed. The infinitesimal time of teeth mesh duration available can be sufficient 

to keep a minimum film thickness under squeeze action, whereas this time may not be 

sufficient to satisfy time requirement needed for hydrodynamic action to take place. In an 

endeavor to assess the role that each of the hydrodynamic and/or the squeeze actions may 

play in dictating the final lubricant behavior, the pressure distribution due to each one has 
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been developed for an exemplary loaded gear at a load of 0.8 MN and with a film thickness 

3 𝛍𝐦, as shown in Fig. 3. The figure shows that the squeeze action renders higher pressure 

than that due to hydrodynamic action. The pressure generated due to squeeze action (𝑷𝒔𝒒) 

is more pronounced than that generated from hydrodynamic action (𝑷𝒉𝒚𝒅) as being 

depicted from pressure distribution shown in Fig. 3. This confirms the postulations that 

the lubricant film between engaged teeth can be attributed mainly to squeeze action.  

 

 
Fig. 3 Pressure distribution due to squeeze and hydrodynamic actions at load 0.8 MN 

and 𝒉𝒐 = 𝟑 𝒎. 

 

The relation between the maximum attained pressure as the sum of both hydrodynamic 

and squeeze actions and minimum film thickness is presented in Fig. 4.  The maximum 

pressure developed is inversely proportional to values of minimum film thickness at pitch 

point. This is evident as high pressures due to high applied load would eventually squeeze 

the entrapped lubricant film between gears teeth leading to a thinner film thickness. The 

integration of the pressure equation yields the load capacity which is manifested as a 

relation between applied load and corresponding generated film thickness as shown in Fig. 

5. The curves are plotted under conditions related to each point on the path of line of 

action.  The graph indicates an expected inverse proportion between applied load and 

generated film thickness as depicted in Fig. 4. The trend of behavior shown in the graph 

comes in line with the previous analytical findings [7, 13].  

 



7 
 

 
Fig. 4 Maximum overall developed pressure at pitch point against different values of 

minimum film thickness. 

 

 
Fig. 5 Values of film thickness at each point on the line of action at different loads. 
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Fig. 6 Film Performance at different loads along action line. 

 

Under the applied load transmitted through gears' teeth, the generated lubricant film 

thickness varies along the action line from a maximum value at start of teeth contact to a 

minimum at the end of the contact. Both squeeze action and hydrodynamic effects 

contribute to film shape formation. The analysis revealed that the contribution of squeeze 

action due to teeth approach during meshing is more appreciated than the hydrodynamic 

action. In all previous studies, the gears lubrication has been treated assuming discs with 

radii analogous to the gears’ involutes radii of curvature. The discs are then treated as 

being rotating under continuously steady state [1-3]. In this case, the normal approach 

velocity between meshing teeth during an infinitesimal small time has been ignored; for 

example, a pinion with 20 teeth running at 1500rpm, the time of mesh with mating gear 

teeth is about 1/500 of a second.  This emphasizes that the contribution of squeeze action 

would be predominant in maintaining a lubricant film between teeth. The geometrical and 

kinematic characteristics of meshing gears at different points along line of action control 

the lubrication behavior and hence, dictate the minimum lubricant film thickness. The 

investigation reveals that largest percent of applied load is carried by squeeze film [9, 10].   

 

In general, applied loads in the range from 0 to 2 MN in the present example, are 

associated with a change of film thickness throughout the path of line of action up to about 

8 µm. This confirms the results came from previous findings [13,16] for iso-viscous 

lubricant and rigid solids. The performance of film thickness along line of action at any 

specified load is presented in Fig. 6 which represents the variation of the lubricant film 

thickness along line of action with the load. These results are in some agreement with the 

previous finding [13]. The present analysis confirms that squeeze action plays the main 

roll in describing a film thick decreasing with time through moving along the line of action 

as shown in Fig. 6. The time taken for the film to drop from a maximum at starting to a 

minimum at end of line of action is expected to be analogous to that required to squeeze 

the lubricant film under load. It is worth mentioning that the calculation of gears 

lubrication behavior based on simulated disc at pitch point may lead to inaccurate 
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assumptions and results. It is clear the lubricant film my drop by about 50% from start to 

end of mesh cycle with an average value at pitch point. 

 

CONCLUSIONS 

The lubricant film thickness between engaged gear teeth under load has shown to vary 

during gears mesh along the line of contact. Under loading conditions, the squeeze action 

may be more pronounced than the hydrodynamic one in generating and maintaining a 

lubricant film between meshing gears teeth. Results displayed a maximum value of film 

thickness at the beginning of the gears teeth mesh which declines to lower value at the end 

of mesh. 
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NOMENCLURES 

𝑪 Center distance between pinion and gear [m] 

𝒉𝒄 Central oil film thickness [m] 

𝒉𝒐 Minimum oil film thickness [m] 

𝑳 Gear face width [m] 

𝒎 Module of gears 

𝑹𝒑 Base circle radius of pinion [m] 

𝑹𝒈 Base circle radius of gear [m] 

𝑹𝟏 Pitch circle radius of pinion [m] 

𝑹𝟐 Pitch circle radius of gear [m] 

𝑹𝑳𝟏 Radius from center of pinion to any point on the line of action [m] 

𝑹𝑳𝟐 Radius from center of gear to any point on the line of action [m] 

𝑺 Distance from any point on the line of action to pitch point 

𝑽𝟏 Rolling velocity at any point on the line of action for pinion [m/s] 

𝑽𝟐 Rolling velocity at any point on the line of action for gear [m/s] 

𝑽𝑹𝒐 Resultant rolling velocity for pinion and gear [m/s] 

𝑽𝒏𝟏 Normal velocity component at any point on the line of action for pinion [m/s] 

𝑽𝒏𝟐 Normal velocity component at any point on the line of action for gear [m/s] 

𝑽𝒏𝑻 Resultant normal velocity for pinion and gear [m/s] 

𝑽𝒕 Resultant sliding velocity for pinion and gear [m/s]  

𝑽𝒕𝟏 Sliding velocity component at any point on the line of action for pinion [m/s] 

𝑽𝒕𝟐 Sliding velocity component at any point on the line of action for gear [m/s] 

𝑾 Load carrying capacity carried by squeeze and wedge action [N] 

𝑾𝑮 Load carrying capacity carried by wedge action [N] 
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𝑾𝒔𝒒 Load carrying capacity carried by squeeze action [N] 

𝒁 Number of teeth  

𝜶 Pressure angle in degree 

𝜽𝟏 Rolling angle at any point on the line of action for pinion in degree 

𝜽𝟐 Rolling angle at any point on the line of action for gear in degree 

𝝁 Lubricant Viscosity [Pa.s] 

𝝆𝟏 Radius of curvature at any point on the line of action for pinion [m] 

𝝆𝟐 Radius of curvature at any point on the line of action for gear [m] 

𝝆𝒆𝒒 Equivalent Radius of curvature at any point on the line of action for gears [m]  

𝝎𝟏 Angular velocity of pinion [rad/s] 

𝝎𝟐 Angular velocity of gear [rad/s] 

 

 

APPENDIX 

GEOMETRY AND KINEMATICS OF INVOLUTE SPUR GEARS 

The contact between a pair of involute spur gears can be simulated by the contact between 

two rigid cylinders of different radii. Along the line of action represented by line 𝑨𝑬̅̅ ̅̅  in 

Fig. A1, the radii of curvature (the equivalent rigid cylinders' radii) 𝝆𝟏 and 𝝆𝟐will vary. 

The smaller pinion is denoted as gear 1, while the larger gear is denoted as gear 2.  

 

 
Figure A1  Simulated contact process between two meshed gears. 

 

For any contact point on the line of action (e.g., contact point 𝑴 in Fig. A1), the radii of 

the approximate rigid cylinders 𝝆𝟏 and 𝝆𝟐can be defined as, 
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𝝆𝟏 = √𝑹𝐋𝟏
𝟐 − 𝑹𝒑

𝟐                                                                (A-1a) 

𝝆𝟐 = √𝑹𝐋𝟐
𝟐 − 𝑹𝒈

𝟐                                                                 (A-1b) 

where  𝑹𝑳𝟏 and 𝑹𝑳𝟐 are the radii of rotation of the contact point with respect to the pinion 

and gear centers, can be represented respectively as, 

 

𝑹𝑳𝟏 = √𝑹𝟏
𝟐 ± 𝟐𝑹𝟏𝑺 𝐬𝐢𝐧 𝜶 + 𝑺𝟐                                                   (A-2a) 

 

𝑹𝑳𝟐 = √𝑹𝟐
𝟐 ∓ 𝟐𝑹𝟐𝑺 𝐬𝐢𝐧 𝜶 + 𝑺𝟐                                                   (A-2b) 

 

where 𝑹𝟏and 𝑹𝟐are the pitch circle radii of the pinion and the gear, respectively. The 

distance between any contact point on the line of action and the pitch point is denoted as 

𝑺 and the pressure angle is denoted as 𝜶. The equivalent curvature radius 
𝒆𝒒

 through the 

line of contact can be represented as, 

 

𝝆𝒆𝒒 =
𝝆𝟏𝝆𝟐

𝝆𝟏+𝝆𝟐
                                                                (A-3) 

 

From Fig. A1, the rolling angles of the pinion and the gear can be defined as follows,  

 

𝐜𝐨𝐬 𝜽𝟏 =
𝑹𝒑

𝑹𝑳𝟏
                                                               (A-4a) 

 

𝐜𝐨𝐬 𝜽𝟐 =
𝑹𝒈

𝑹𝑳𝟐
                                                               (A-4b) 

 

Consequently, the respective instantaneous velocities of the point of contact with respect 

to the pinion and the gear can be represented as, 

 

𝑽𝟏 = 𝑹𝐋𝟏𝝎𝟏                                                             (A-5a) 

 

𝑽𝟐 = 𝑹𝐋𝟐𝝎𝟐                                                           (A-5b) 

 

where 𝝎𝟏 and 𝝎𝟐 are angular velocities of pinion and gear, respectively. The point of 

contact velocity can then be resolved in normal and tangential directions, 

 

𝑽𝒏𝟏 = 𝑽𝟏 𝐜𝐨𝐬 𝜽𝟏                                                        (A-6a) 

 

𝑽𝒏𝟐 = 𝑽𝟐 𝐜𝐨𝐬 𝜽𝟐                                                       (A-6b) 

 

The tangential components of velocities are responsible for the sliding action between the 

teeth of the pinion and the gear, 

 

𝑽𝒕𝟏 = 𝑽𝟏 𝐬𝐢𝐧 𝜽𝟏                                                          (A-7a) 
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𝑽𝒕𝟐 = 𝑽𝟐 𝐬𝐢𝐧 𝜽𝟐                                                      (A-7b) 

 

The relative sliding velocity at the point of contact can then be determined as follows, 

 

𝑽𝒕 = 𝑽𝒕𝟏 − 𝑽𝒕𝟐                                                           (A-8) 

 

The resultant normal velocity at the point of contact can be defined as, 

 

𝑽𝒏 = 𝑽𝒏𝟏 + 𝑽𝒏𝟐                                                           (A-9) 

 

The mean velocity of the point of contact can be determined as follows, 

 

𝑽𝒂 =
𝑽𝟏+𝑽𝟐

𝟐
                                                       (A-10) 

 

 

 

 


